CHUYEN DE 11: CAC PUONG THANG DONG QUY
1. Kién thirc co ban:
Phuong phap 1: Ap dung tinh chat cac duong dong quy trong tam giac.

Phuong phap 2: Chirng minh cac duong thang cing di qua mot diém: Ta chi ra hai duong
thang cit nhau tai mot diém va chimg minh duong thing ciing di qua diém do.

Phuong phap 3: Dung dinh ly dao cua dinh ly Talet.

Phuong phap 4: Dinh ly Lyness mé rong (B6 dé Sawayama): Cho tam giac ABC noi
tiép duong tron (0). M e BC. Mot duong tron (O') tiép xic véi hai canh MA va MC tai
E va F d6ng thoi tiép xtc véi ca duong tron (O) tai K. Khi d6 ta ¢ tdm dudng tron noi
tiép cua tam giac ABC nam trén duong thiang EF.

DPinh 1y Pascal: Cho 6 diémA, B, C,D, E, F cung thuoc mot duong tron. Khi do cac giao
diém cua cac cap canh AB va DE, BC va EF, CD va FA thang hang.

Phuong phap 6:

Dinh Iy CEVA: Cho tam giac ABC. Ly céac diém
D, E va F lan luot nim trén cac canh BC, AC, AB.

Dinh ly phét biéu rang cac duong thang AD, BE va
CF Ia nhimg duong thang dong quy khi va chi khi:
AF BD CE_,

FB DC EA

2. Bai tap ap dung:

Bai tap 1: Cho tam giac ABC dung tam giac déu MAB, NBC, PAC thudc mién ngoai
tam giac ABC. Chang minh rang:

a) MC=NA=PB

b) (AM,MC)=(MC,BP)=(BPNA)=60°
¢) MC, NA, PB ddng quy

Chang minh

a) Xét A ABN va A MBC, cé:

AB = MB;

BC = BN (céc canh cua tam giac déu)
ABN = MBC (cling bing 60° + ABC)
Suy ra A ABN = A MBC (c.g.c)
Suyra AN=MC @)
Tuong tu: A ABP = A AMC (c.g.c)




AB = AM;
BC = BN (cac canh cua tam giac déu)

BAP=MAC (cung bang 60° + BAC)

SuyraBP =MC (**)
Tu (*) va (**) tacd: AN =MC =BP (dpcm).
b)

Trong A APC, c6: A, +C,+P +P,=180"ma BR=C,P=C
Trong A PCK, cé: C,+C, +P, +K, =180°

Suy ra 60° +(C, +P, )+ K, =180" =K, =60 (1)

Tuong tu: A ABN =A MBC

Suyra N,=C, ma N, +N, =60

Suyra N, +C,=60" ma C, =60°

Suyra ANKC ¢c6 N,+C,+C,+K,=1800

Suyra K,=60 (2)

Tuong tu: A ACN = A PCB

Suyra P,=A, ma B, +P, =60

Suyra B+A,=60°ma A, =60°

Suy ra Trong A AKP, c6: K, =60° (3)

T (1), (2), (3) ta ¢ diéu phai chitng minh

¢) Gia st MCNBP=K, ta chitng minh cho A, K, N thang hang.
Theo chttng minh trén ta cd: K, =60°,K, =60°,K, =60" = K, + K, + K, =180°
Suy ra A,K,N thiang hang

Viy AN, MC, BP dong quy (dpcm)



Bai tap 2: Cho hinh binh hanh ABCD. Trén AB va CD lay 2 diém E va F sao cho AE =
CF. Trén AD va BC lay H va G sao cho DH = BG.

a) Chang minh: T giac EGFH la hinh binh
hanh

b) Chitng minh: AC, BD, EF, GH cit nhau tai
1 diém.

A E B

Chang minh

a) Xét A DHF va A BGE, ta co:

DH =BG

HDF = GBE (vi ABCD Ia hinh binh hanh)

DF = BE (vi AE = CF)

Suy ra A DHF = A BGE

SuyraHF =EG (1)
Mat khéc, ta co:

DHG=BGH va DHF=BGE=FCG=EGH (2)
Tur (1), (2) suy ra: Tw giac EGFH la hinh binh hanh.

b) (Theo céu a)

Suy ra tir gidc EGFH la hinh binh hanh

Goi I 1a giao diém cua 2 dudng chéo HG va EF (cua hinh binh hanh EGFH)
Ta lai ¢6: Tt gidc AGCH la hinh binh hanh (AH // CG va AH = CG)

Suy ra giao cua 2 dudng chéo HG va AC 13 I (I trung diém HG)

Tuong tu, ta c6: Hinh binh hanh HBGD c¢6 giao diém cia 2 duong chéo 1a HG va BD tai
I (I 12 trung diém HG)

Suy ra HG, EF, AC, BD cit nhau tai diém I (ciing 1a diém duy nhat).

Bai tap 3: Cho hai duong thang di va d cit nhau tai O. Trén di lan luot Iy ba diém phan
biét A, B, C khac O sao cho OA = AB = BC. Trén d; lan luot ldy ba diém E, M, N khac
O sao cho OE = OM = MN. Chitng minh ring ba duong thang AE, BN va CM ddng quy.

Chang minh



Goi D 1a giao diém caa BN va CM.

Qua M ké duong thang song song
v6i OC cit BC tai F.

Qua O ké dudng thing song song

véi BN cit MF tai G.

Xét A FBO va A OGF, ta co:
BOF = GFO(so le trong)

OF la canh chung

BFO = GOF(so le trong)

Suy ra A FBO = A OGF (g-c-Q).
SuyraFG =BO (1)
Xét A NFM va A OGM, ta cé:

GOM = FNM Th. S: Pham Ngoc Twéng
MO = MN Facebook: www.facebook.com/2222hn

OMG = NMF (dbi dinh)
Suy ra A NFM = A OGM.
Suy ra MF = MG (2

Tu (1) va (2), suy ra: MF = OA = AB = BC.

Str dung két qua vira tim duoc nay két hop:
DCB=DMF (so le trong) va DBC=DFM (so le trong)
Suy ra: A DBC = A DFM (g-c-g).

Do d6: DC = DM

hay D 1a trung diém cia CM  (3)

Xét A CEM, ta co:

CO la trung tuyén ung vai canh ME (do OE = OM) nén CA :%CO

Suy ra A la trong tdm cia A CEM.
Suy ra AE di qua trung diém cia canh CM. (4)



Tur (3) va (4), ta suy ra AE di qua D.
Viy BN,CM va AE dong quy tai D.

Bai tap 4: Cho A ABC, cac duong cao AD, BE, CF cua tam giac dong quy tai H. Goi | 1a
trung diém cua HC.

a) Chung minh BCEF la tr giac noi tiép.

b) Chttng minh rang H 1a tam duwong tron noi tiép A DEF va DIEF 1a ti gidc noi tiép 1
duong tron.

¢) Vé phia ngoai A ABC dung cac A ABM va A CAN sao cho chung 14 cac tam giac
vubng can tai cac dinh B va C twong ¢ng. Chirng minh rang cac dudng thang AD, BN,
CM ddng quy.

Chirng minh

a) HS tu lam.

b) Ta dé dang chiung minh dugc céc tir giac AEHF, AEDB ndi tiép trong dudong tron.
Khi do, ta co:

FAH =FEH (cung chan

FH) va FAH=BAD

BAD = BED (cting chan
BD) va BED =HED

Suy ra FEH = HED

Suy ra HE la tia phan giac o
cua FED.

Tuong tu, ta co:

HF la tia phan giac cua

EFD.

HD la tia phan giac cua EDF.
Suy ra H 1a giao diém cua 3 duong phén giac trong ciia A DEF.

Vay H Ia tim cua duong trong noi tiép A DEF.

* Theo chirng minh & trén, ta co:

FED = 2FAD va FAD =FCD (HS tu chitng minh ttr giac ACDF noi tiép)
HID = 2FCD (g6c ngoai bang tong cua 2 géc trong khdng ké)

Suy ra FED =2FAD =2FCD =HID =FID

Hay FED=FID



Suy ra ttr giac EIDF nai tiép.
¢) Trén tia d6i tia AD, lay T sao cho AT = BC.
MBC =90"+ABC=TAB
Suyra
AMBC=ABAT (c-g-c¢)
Suy ra BTD=BCM
Suy ra CM 1 TB
Tuong tu, ta c6: BN L TC.
Ma TD L BC
Vay TD, CM, BN dong quy (3 dudng cao cua A TBC)

Bai tap 5: Cho tu gidc ABCD, AD, BC khdng song song, ndi tiép duang tron (0). P 1a
giao diém caa AC va BD. Buong tron (O1) tiép xlc véi cac doan PA, PB va tiép xdc
trong vai (O) tai E. Duong tron (O2) tiép xdc véi cac doan PC, PD va tiép xUc trong voi
(O) tai F. Chizng minh rang AD, BC, EF dong quy.

Chirng minh
Gia sir (O) tiép xtc PB, PC tai X, Y va tiép xtc (O) tai F.

Theo b6 dé Sawayama (dinh Ii Lyness mé rong) ta c6 XY di qua H, K (v6i H,K 1a tam
noi tiép cac A ADC, A BDC.

Goi Z, T 1a giao diém cua HK trén AD, BC. Goi M, N, P, Q 1a trung diém cac cung AD,
BD, AC, BC cua (O). Vi (02) tiép xtic AC, BD nén F, X, N va F, Y, P thang hang.

Ta s& chirng minh: M, Z, F thang hang.

That vay: Goi Z' 1a giao cia FM va AD. AN giao BM tai S. Goi R 14 trung diém cung
CD.

Theo dinh Ii Pascan cho luc gidc MFNADB ta c6 S, Z', X thang hang.
Tiép tuc véi luc giac NARBMC ta co H, K, S thang hang.

Ma H, K, X thang hang, nén ta ¢6 Z', X, H, K thang hang hay Z’ tring Z.
Tuong tu, ta co: F, T, Q thang hang.

Goi (03) 1a dwong tron tiép xic AD, BC va tiép xuc (O) tai cung nhé DC.
Ta sé chitng minh (O3) la (ZFT).

That vay, goi Z", T" la tiép diém trén AD, BC cua (Os) thi theo b6 dé Sawayama, ta ciing
c6 Z", T", H, K thang hang hay Z", T" tring Z, T.

Ma MZ va NT cét nhau tai F nén ta c6 ngay ZFT chinh 1a (O3).



Tir d6, ta quy bai todn vé phat biéu don gian hon nhu sau: (O3) tiép xic AD, BC va tiép
xuc cung nho CD tai F.

Tuong tu cO E.
Khi d6 AD, BC, EF ddng quy.
Bai tap 6: Ching minh dua vao dinh ly CEVA.

Dinh ly CEVA: Cho tam gi4c ABC. Ly cac diém D, E va F lan lugt ndm trén cac canh
BC, AC, AB.

Dinh ly phét biéu rang cac duong thing AD, BE va CF 1a nhirng duong thang dong quy
khi va chi khi:

AF BD CE _,

FB DC EA
Chirng minh

Gia sir AD, BE va CF dong qui tai mot diém O nao d6 (trong hay ngoai tam giac). Do A
BOD va A COD c¢6 chung chiéu cao (d6 dai cua duong cao), ta co:

Seon _ BD
Seoo DC
Tuong tu
Sean _ BD
Sap DC
Suy ra

BD — Seap ~Shop — Saeo
DC  Scap =Seor o

Tuong tu
CE S
EA S,
va

AF S0
FB S

Nhén ba dang thic trén cho ta:

AF BD CE _ (diéu phai chang minh).

FB DC EA
Nguoc lai, gia st ring ta dd c6 nhitg diém D, E va F thoa man dang thic. Goi giao diém
cua AD va BE 1a O, va goi giao diém ciia CO va AB la F'. Theo ching minh trén



AF' BD CE _1

F'B'DC EA

K&t hop véi ding thuc trén, ta nhan dugc: 25 _ AF
FB FB

Thém 1 vao mdi vé va cha y ring AF" + F'B = AF + FB = AB, ta c6:
AB _AB
F'B FB
Do d6 F'"B = FB, vay F va F" triing nhau . Vi vay AD, BE va CF = CE" dong qui tai O,
va dinh li d3 dugc ching minh (13 ding theo ca hai chiéu).
3. Bai tap tu luyén:

Bai tap 1: Cho tam gidc ABC dung céc tam giac déu MAB, NBC, PAC thudc mién ngoai
tam giac ABC. Ching minh MC, NA, PB ddng quy.

Bai tap 2: Cho tam gidc ABC dung cac tam giac déu MAB, NBC, PAC va c6 tdm lan
luot 12 O1, Oz, O3. Ching minh cac duong tron ngoai tiép 3 tam giac déu trén déu dong
quy tai mot diém.

Bai tap 3: Goi A", B', C' la tiép diém cua dudng tron ni tiép A ABC véi cac canh BC,
CA, AB.

Chung minh rang: AA', BB', CC' dong quy.
Hudng dan
Chang minh

AB BC CA_1 . AA', BB, CC ddng quy
A'C B'A C'B

Bai tap 4: Cho hinh thang ABCD (AB > CD). Goi E 1a giao diém hai canh bén AD va
BC; F 14 trung diém ctia AB. Chang minh rang: AC, BD, CF dong quy.

Bai tap 5: Cho tam giac nhon ABC. Céc dudng cao AH, BK, CL cit nhau tai I. Goi D, E,
F lan luot 14 trung diém ciia BC, CA, AB. Goi P, Q, R lan luot 14 trung diém cua IA, IB,
IC. Ching minh PD, QE, RF dong quy. Goi J 1a diém dong quy, chitng minh | 1a trung
diém cua mdi duong.

Hudng dan

Chang minh PEDQ, PRDF la hinh chir nhat

Suy ra PD, QE, RF la duong chéo cua 2 hinh chir nhat do

Suy ra diéu phai chitng minh.

Bai tap 6: Cho A ABC noi tiép duong tron (O) va c6 H 1a truc tdm. Goi A', B', C' 1a diém
d6i xting cua H qua BC, CA, AB. Qua H, vé& duong thang d bat ki. Chang minh rang:
Céc duong thang ddi xtng cia d qua cac canh cia A ABC dong quy tai mot diém trén

(0).



Huéng dan

Goi d1, dz, d3 12 cac dudng thang dbi xing cua d qua cac canh ciia A ABC.
Goi | la giao cua d; va d;

Chung minh tir giac A'B'C'l 1a tt giéc noi tiép. Suy ra A'B'C'l 1a ndi tiép (O).
Chuing minh | thudc ds.



